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Abstract. Let F be a Riemannian submersion from an almost Hermitian 
manifold (M, gM, J) onto a Riemannian manifold (TV, gjv). We introduce the 
notion of the v-semi-slant submersion. And then we obtain some properties 
on it. In particular, we give some examples for it. 



1. Introduction 

Let F be a C°°-submersion from a semi-Riemannian manifold (-M,<?m) onto a 
semi- Riemannian manifold (N,g^). Then according to the conditions on the map 
F : (M, g\[) >->• (N,9n)i we have the following submersions: 

semi-Riemannian submersion and Lorentzian submersion [TJ, Riemannian sub- 
mersion ([5], Q3]), slant submersion ([5], [IH]), almost Hermitian submersion |21) . 
contact-complex submersion [5], quaternionic submersion [TU], almost h-slant sub- 
mersion and h-slant submersion |15) , semi-invariant submersion [20 , almost h-semi- 
invariant submersion and h-semi-invariant submersion [16) , semi-slant submersions 
|18) . almost h-semi-slant submersions and h-semi-slant submersions [17] . etc. As we 
know, Riemannian submersions are related with physics and have their applications 
in the Yang-Mills theory ([3], [22]), Kaluza-Klein theory ([2], [H]), Supergravity and 
superstring theories ([12], [33]), etc. 

The paper is organized as follows. In section 2 we remind some notions which 
is neeed for this paper. In section 3 we give the definition of the v-semi-slant 
submersion and obtain some interesting properties on it. In section 4 we construct 
some examples of the v-semi-slant submersion. 

2. Preliminaries 

Let (M, ^m) and (A, g^) be Riemannian manifolds, where M, A are C°°— manifolds 
and gM, 9n are Riemannian metrics, and F : M i— > A a C°°— submersion. The 
map F is said to be Riemannian submersion if the differential F* preserves the 
lengths of horizontal vectors [10] . 

Let (M,gMi J) be an almost Hermitian manifold, where J is an almost complex 
structure. A Riemannian submersion F : (M, gM , J) (A, g^) is called a slant 
submersion if the angle 9 = 9{X) between JX and the space ker(F*) p is constant 
for any nonzero X G T p M and p g M [19], 

We call 9 a slant angle. 

A Riemannian submersion F : (M,gM, J) | — ► (A, g^v) is called a semi-invariant 
submersion if there is a distribution T>\ c kcr i 7 "* such that 

kerF* = X>i 8 X> 2 , J(X>i) = X>i, J(X>a) C (kerF,) x , 
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where T> 2 is the orthogonal complement of T>\ in ker F* [19] . 

A Riemannian submersion F : (Af, <?m, J) {N,gN) is called a semi-slant sub- 
mersion if there is a distribution T>\ C ker F* such that 

kerF* =V X ®V 2 , J(V 1 )=T> 1 , 

and the angle 9 = 9(X) between JX and the space (p 2 ) p is constant for nonzero 
X £ (2?2)p and p £ M, where T> 2 is the orthogonal complement of T>i in kerF,. 
We call the angle 9 a semi-slant angle. 

Let (M, ^m) and (N,g^) be Riemannian manifolds and F : (M, c/Af) >-> (^V, <?jv) 
a smooth map. The second fundamental form of F is given by 

(VF*)(X, F) := V£F*Y - F*(V X F) for I,Fe T(TM), 

where V F is the pullback connection and we denote conveniently by V the Levi- 
Civita connections of the metrics gM and gn [4]. Recall that F is said to be 
harmonic if trace (V 'F*) — and F is called a totally geodesic map if (VF„)(X, Y) = 
for X,Y £ T(TM) g|. 

3. V-Semi-slant submersions 

Definition 3.1. Let (M,gM,J) be an almost Hermitian manifold and (N,gN) a 
Riemannian manifold. A Riemannian submersion F : (M, gM , J) | — > (N,g]sr) is 
called a v-semi-slant submersion if there is a distribution 2?i C (kerF*) 1 - such that 

(kerF*) x =X> 1 8£>2, J(£>i)=£>i, 

and the angle 9 = 9{X) between JX and the space (T> 2 ) p is constant for nonzero 
X £ (T> 2 ) p and p £ M, where T> 2 is the orthogonal complement of T>\ in (kerF*)^. 

We call the angle 9 a v-semi-slant angle. 

Remark 3.2. Let F be a v-semi-slant submersion from an almost Hermitian mani- 
fold (M, gM, J) onto a Riemannian manifold (N,gN). Then there is a distribution 
£>i C (kerF*) 1 - such that 

(kerF*) x =X>ie£> 2 , J(2?i)=2?i, 

and the angle 6* = 6>(A") between JX and the space (£>2)p is constant for nonzero 
X £ (T> 2 ) p and p £ M, where T> 2 is the orthogonal complement of T>\ in (kerF*) x . 

If T> 2 = (ker F*) , then we call the map F a v-slant submersion and the angle 9 
v-slant angle [15]. Otherwise, if 6* = ~, then we call the map F a v-semi-invariant 
submersion [20) . 

Let F : (M,gM,J) n- (N,gN) be a v-semi-slant submersion. Then there is a 
distribution T)\ C (kerF,) 1 - such that 

(kerF,) 1 - = X>i © P 2 , J(Vx) = V u 

and the angle 9 = 9(X) between JX and the space (p 2 ) p is constant for nonzero 
X £ {T> 2 ) p and p £ M, where T> 2 is the orthogonal complement of T>\ in (kerF*)^. 
Then for X £ r((ker F*) x ), we have 

X = PX + QX, 

where PX £T(V 1 ) and QX £T{V 2 ). 
For X € r(kerF*), we get 

JX = 4>X + ujX, 
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where <f>X e r(kerF*) and loX E r((kcr F*)- 1 ). 
For Z e r((kcrF*) ± ), wc obtain 

JZ = BZ + CZ, 

where BZ e T(ker^) and CZ e r((ker F*)- 1 ). 
For 17 e T(TM), wc have 

f7 = VU + HU, 

where VZ7 € r(kerF*) and HU € T((ker F*^). 
Then 

ker F* = FX> 2 © M, 

where /i is the orthogonal complement of BT>2 in ker F* and is invariant under J. 
Furthermore, 

CV X =©i,SX>i =0,C©2 c2? 2 ,w(kerF,) = I>2 

</> 2 + Fu; = -id, C" 2 + wF = -id, cj(/> + C"w = 0, BC + (f>B = 0. 

Define the tensors T and .4 by 

A E F = UVueVF + WueUF 
T e F = UV V eVF + V\7 VE HF 

for vector fields F, F on M, where V is the Levi-Civita connection of gu- Define 

V X Y:=VV X Y for X,Y e r(kerF st ). 

Then we easily have 

Lemma 3.3. Let (M,gM,J) be a Kahler manifold and (N,gx) a Riemannian 
manifold. Let F : {M,gu,J) i-> {N,g^) be a v-semi-slant submersion. Then we 
get 

(1) 

W x <t>Y + TxuY = <tN x Y + BTxY 
Tx<t>Y + HWxojY = ojW x Y + CT X Y 
for X,Y e r(kerF*). 

(2) 

V\7 Z BW + A Z CW = 4>AzW + BH\7 Z W 
A Z BW + H\7 Z CW = uoAzW + cn\/ z w 

for Z,W E r((kcrF,)- L ). 

(3) 

W X BZ + TxCZ = cj)TxZ + BH\7 X Z 
TxBZ + H\7 X CZ = uoT x Z + CH\7 X Z 

for X e r(kcrF,) and Z e r((ker F*)- 1 ). 
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Theorem 3.4. Let F be a v-semi-slant submersion from an almost Hermitian man- 
ifold (M,gM,J) onto a Riemannian manifold (TV, <7;v). Then the slant distribution 
T>2 is integrable if and only if we obtain 

A x Y = and PC(V X Y - Vyl) = 

for X,YeT(V 2 ) 

Proof. For X, Y £ T(V 2 ) and Z £ T(V X ), assume that A X Y = \V[X,Y] = 0, we 
obtain 

g M ([X, Y],JZ) = -g M ( J(V x Y - V Y X),Z) 

= -g M (BV x Y + C\7 X Y - B\7 Y X - C\7 Y X, Z) 
= - 9M (C(V X Y -V Y X),Z). 
Therefore, we have the result. □ 
Similarly, we get 

Theorem 3.5. Let F be a v-semi-slant submersion from an almost Hermitian 
manifold (M,gM, J) onto a Riemannian manifold (N,gpf). Then the complex dis- 
tribution T>i is integrable if and only if we have 

A x Y = and B{V X Y -V Y X)={) 

for X,Y£T(V 1 ). 

Lemma 3.6. Let (M,gM,J) be a Kahler manifold and (N 7 gjy) a Riemannian 
manifold. Let F : (M,gM,J) i-> (N, gjv) be a v-semi-slant submersion. Then the 
complex distribution T>\ is integrable if and only if we get 

A x Y = for X,Y £T{V 1 ). 

Proof. For X, Y £ T(T>i) and Z £ r(kcrF„), assume that A X Y = 0, we have 

g M ([X,Y],uZ)=gM{[X,Y],JZ) = -g M (J(VxY-V Y X),Z) 

= -gu{A x JY + H\7 X JY - A Y JX - H\7 Y JX, Z) 
= -g M (A x JY -A Y JX, Z). 

Therefore, the result follows. □ 
In a similar way, we have 

Lemma 3.7. Let (M, jm, J) be a Kahler manifold and (N,gpj) a Riemannian 
manifold. Let F : (M,gM,J) >-> (N,g^) be a v-semi-slant submersion. Then the 
slant distribution T> 2 is integrable if and only if we obtain 

A x Y = and P((A X BY - A Y BX) +U{\7 X CY -V Y CX)) = 

for X,Y£T(V 2 ). 

Proposition 3.8. Let F be a v-semi-slant submersion from an almost Hermitian 
manifold (M,gM,J) onto a Riemannian manifold (N 7 gjy). Then we obtain 

C 2 X = -cos 2 9X forX£T(V 2 ), 

where 9 denotes the v-semi-slant angle of V 2 . 
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Proof. Since 



. g M (JX,CX) ~g M (X,C 2 X) 
cos = — 



\JX\ ■ CX X ■ CX 



\C X I 

and cos = , we have 
\,J X 



g M (X,C 2 X) 
\X\* 



for X £ r(x> 2 



Hence, 



C 2 X = - cos 2 OX for X e r(r> 2 ). 

□ 



7T 

Assume that the v-semi-slant angle is not equal to — and define an endomor- 

J:=JP+-^—:CQ. 

cost) 



Remark 3.9. It is easy to see that the converse of Proposition 13.81 is also true 

Assume that the v-se: 
phism J of (keri* 1 *) by 

Then, 

(1) J 1 = -id on(kerF*) ± . 

From ([1]), we have 

Theorem 3.10. Let F be a v-semi-slant submersion from an almost Hermitian 
manifold (M,gM,J) onto a Riemannian manifold (N,gpf) with the v-semi-slant 
angle 9 £ [0, ?). Then N is an even-dimensional manifold. 

Proposition 3.11. Let F be a v-semi-slant submersion from a Kahler manifold 
(M,gM,J) onto a Riemannian manifold (N,gw). Then the distribution kcri%, 
defines a totally geodesic foliation if and only if 

u(Vx<t>Y + TxujY) + C(T X (/)Y + U^xujY) = for X,Y € r(ker F m ). 
Proof. For X, Y £ r(kerF*), 

V X Y = -JVxJY = -J(W X <PY + Tx4>Y + TxojY + UV X ^Y) 

= -{<t>V x <i>Y + ljWx^Y + BTx4>Y + CTxW + 4>T x uY + uT x uY 
+ BHVxujY + CHVxuY). 

Thus, 

W X Y £ r(kerF„) <S> w(V "x<t>Y + T x uY) + C{TxW + UV x uY) = 0. 



□ 



Similarly, we have 



Proposition 3.12. Let F be a v-semi-slant submersion from a Kahler manifold 
(M, gM, J) onto a Riemannian manifold (N,g^). Then the distribution (ker F*) 1 - 
defines a totally geodesic foliation if and only if 

ct>(VV x BY + A X CY) + B(A X BY + HV X CY) = for X,Y £ r((kcrF,) ± ). 
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Proposition 3.13. Let F be a v-semi-slant submersion from a Kahler manifold 
(M,gM, J) onto a Riemannian manifold (AT, gjv). Then the distribution T>\ defines 
a totally geodesic foliation if and only if 

4>A X JY + BHVxJY = and Q{cjA x JY + CH\7 X JY) = 
for X,Y&T{V{). 
Proof. For X,Y E T(T>i), we get 

V X Y = -JVxJY = -J(A X JY + HVxJY) 

= -((pAxJY + loAxJY + BHVxJY + CHV X JY). 

Hence, 

V X Y e r(©i) «• <t>A x JY + BHVxJY = and Q(luA x JY + CHV X JY) = 0. 

□ 

In a similar way, we obtain 

Proposition 3.14. Let F be a v-semi-slant submersion from a Kahler manifold 
(M,gM, J) onto a Riemannian manifold (N,gx)- Then the distribution T> 2 defines 
a totally geodesic foliation if and only if 

4>{VV X BY + A X CY) + B(A X BY + HV X CY) = 

P(lu(VV x BY + A X CY) + C(A X BY + HV X CY)) = 

for X,YeT(V 2 ). 

Theorem 3.15. Let F be a v-semi-slant submersion from a Kahler manifold (M,gM, J) 
onto a Riemannian manifold (N,g N ). Then F is a totally geodesic map if and only 
if 

w(V x cf>Y + TxuY) + C(Tx0Y + HV X LjY) = O 
cj(V x BZ + TxCZ) + C{T X BZ + HV X CZ) = 
forX,Ye r(kerF*) and Z G r((ker F*)- 1 ). 
Proof. Since F is a Riemannian submersion, we obtain 

{VF*){Z U Z 2 ) = for Z U Z 2 e r((kcr J F») ± ). 
For X,Y e r(kerF*), we have 
(VF*)(X,Y) = -F.(V X Y) = F.(JV X (4>Y + u>Y)) 

= F,(<PW X <PY + ljWx<PY + BTx<f>Y + CTx<pY + c^Tx^Y + ljTxujY 
+ BHVxojY + CHVxloY). 

Thus, 

(VF*)(X,Y) = 0^u(Vx<i>Y + TxioY) + C(Tx<t>Y + HVxcoY) = 0. 
For X e r(kcrF„) and Z G r((kcrF») ± ), we get 
(VF*)(X,Z) = -F*(V X Z) = F*{JV X (BZ + CZ)) 

= F„((f)VxBZ + uV x BZ + BTxBZ + CT X BZ + <f>T x CZ + uoTxCZ 
+ BHVxCZ + CHVxCZ). 
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Hence, 

(VF*)(X, Z) = & lu(VxBZ + TxCZ) + C(T X BZ + HV X CZ) = 0. 
Since (VF*)(X, Z) = (VF»)(Z, X), the result follows. □ 

Let F : (M,gia) > (N,g^) be a Riemannian submersion. The map F is called 
a Riemannian submersion with totally umbilical fibers if 

(2) TxY = g M {X,Y)H for X, Y G r(kerF»), 

where H is the mean curvature vector field of the fiber. 
Then we obtain 

Lemma 3.16. Let F be a v-semi-slant submersion with totally umbilical fibers from 
a Kahler manifold {M,g^, J) onto a Riemannian manifold (N,g^). Then we have 

H G T(V 2 ). 

Proof. For X, Y G T(^) and W G r(X>i), we get 

TxJF + V X JF = Vx JY = JV X Y = BTxY + CT X Y + <f>V X Y + ojW x Y. 

Using we easily obtain 

g M (X, JY)g M (H, W) = -g M (X, Y)g M (H, JW). 

Interchanging the role of X and Y, we get 

g M (Y, JX)g M (H, W) = -g M (Y, X)g M (H, JW) 

so that combining the above two equations, we have 

g M (X,Y)g M (H, JW) = 0, 

which means H G T(T> 2 ). □ 

Corollary 3.17. Let F be a v-semi-slant submersion with totally umbilical fibers 
from a Kahler manifold (M,gM, J) onto a Riemannian manifold (N,gp{) such that 
T>i = (keri^*) . Then each fiber is minimal. 

Remark 3.18. Let F be a v-semi-slant submersion from a Kahler manifold (M, gM, J) 
onto a Riemannian manifold (N, <7at). Then there is a distribution T>\ C (ker i^*) 1 " 
such that 

(kerF*) x =V 1 ®V 2 , J(V 1 )=V 1 , 
and the angle 8 = 9(X) between JX and the space (T>2) p is constant for nonzero 
X G (T> g)p and p G M, where T) 2 is the orthogonal complement of T>\ in (keri^)^. 
Furthermore, 

CV 2 C V 2 , BT> 2 C ker F* , ker = BZ> 2 © M> 

where /i is the orthogonal complement of BT> 2 in ker F* and is invariant under 
J. For the curvature tensor, it is sufficient to calculate the holomorphic sectional 
curvatures in a Kahler manifold. 

Given a plane P being invariant by J in T p M, p G M, there is an orthonormal 
basis {X, JX} of P. Denote by K(P), K*(P), and K(P) the sectional curvatures of 
the plane P in M, N, and the fiber F^ 1 (F(p)), respectively, where K*(P) denotes 
the sectional curvature of the plane P* =< F*X, F*JX > in N. Let K(X A Y) be 
the sectional curvature of the plane spanned by the tangent vectors X, Y G T p M, 
p E M. Using both Corollary 1 of [14, p.465] and (1.28) of [7, p. 13], we obtain the 
following : 
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(1) If P C (p)p, then with some computations we have 

K(P) = K(P) + \TxX\ 2 - \TxJX\ 2 -g M (TxX, J[JX,X]). 

(2) If P C (X> 2 © BV 2 ) P with X € (D 2 ) p , then we get 

K (P) = sin 2 9 ■ K(X A BX) + 2{g M {{V X A){X, CX),BX) + g M (A x CX, TbxX) 
- 9m(A C xX, TbxX) - g M (AxX,T B xCX)) + cos 2 9 ■ K(X A CX). 

(3) If P C (£>i) P , then we obtain 

K{P) = K*{P) - 3\VJ\7 X X\ 2 . 

4. Examples 

Example 4.1. Let (M, ^m, ■/) be an almost Hermitian manifold. Let tt : TM i-> M 
be the natural projection. Then the map 7r is a v-semi-slant submersion such that 
V x = (kerTr*) 4 - [7]. 

Example 4.2. Let (M,gM,J) be a 2m-dimensional almost Hermitian manifold 
and (N,gx) a (2m — l)-dimensional Riemannian manifold. Let F be a Riemann- 
ian submersion from an almost Hermitian manifold (M, gm , J) onto a Riemannian 
manifold (N,gx)- Then the map F is a v-semi-slant submersion such that 

£>i = ((kerF*) J(kerF,)) i and X> 2 = J(kerF*) 
with the v-semi-slant angle 9 = § . 
Example 4.3. Define a map F : K 6 ^ M 4 by 

22, • • • , = [x\, xz sin a — 2:5 cos a, x 6 , x 2 ), 
where a € (0, ^). Then the map F is a v-semi-slant submersion such that 

_ d d d . d d 
X>i =< - — , - — > and X> 2 =< -5 — ,sma- cosa- — > 

OX\ OX2 OXq OX3 OX5 

with the v-semi-slant angle 9 = a. 
Example 4.4. Define a map F : M 8 i-> M 4 by 

F(xi,a;2,--- ,x 8 ) = (a; 4 ,x 3 , -^-^-^,x 6 ). 

Then the map F is a v-semi-slant submersion such that 

_ d d d d d 

Vl =< a — ' a — > and 2,2 =< ^ — ' a a — > 

OT3 02:4 0x5 o^s 

with the v-semi-slant angle 9 = ?. 

Example 4.5. Define a map F : K 12 H> M 5 by 

_,. x 5 + x 6 x 7 + x 9 x$ + x w . 

F(x 1 ,x 2 ,--- ,xi2) = {x 2 , -j= , , — — ,a;i). 

Then the map F is a v-semi-slant submersion such that 

„ d d d d d d d d 

Vl =< IT-' Jr~> IT- + 7T~ ' IT - + 3 > and P2 =< + ^— > 

axi c'a;2 02:7 0x9 axs 0x10 0x5 oxq 

with the v-semi-slant angle 9 = 5. 
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Example 4.6. Define a map F : K 10 i-> K 6 by 

F(xi,x 2 , ■ ■ ■ ,x w ) = ( -j= ,x 6 , —j=—,x 8 ,xi,x 2 ). 

Then the map F is a v-semi-slant submersion such that 

d d , _^ d d d d d d 

Vl =< 7T~ ' IT - > and 1,2 =< ' «~ ' « « — j jr- + ^— > 

ax\ 0x2 oxq oxg 0x3 0x5 ox-j 0x9 

with the v-semi-slant angle 9 = \. 
Example 4.7. Define a map F : K 8 ^ M 4 by 

F(xi, X2, ■ ■ ■ ,xs) — {x\,xs cos a — x§ sin a, x 2 ,x 4 sin /3 + x§ cos/3), 

where a and /? are constant. Then the map F is a v-semi-slant submersion such 
that 

_^ d d , _^ 9.9.^9 ^9 

2?i =< - — , - — > and X> 2 =< cos a- sin a- — ,smp- h cosp- — > 

oxi 0x2 0x3 ox 5 0x4 ox 6 

with the v-semi-slant angle 9 with cos 9 = \ s'm(a — (3) \ . 
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